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Abstract 

I give a brief and elementary introduction to braneworld models with large extra 
dimensions. Three conceptually distinct scenarios are outlined: (i) Large compact 
extra dimensions; (ii) Warped extra dimensions; (iii) Infinite-volume extra dimen- 
sions. As an example I discuss in detail an application of (iii) to late-time cosmology 
and the acceleration problem of the Universe. 
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Disclaimer 



Models with large extra dimensions have been studied very actively during the 
last few years. There are thousands of works dedicated to the subject and any 
attempt of detailed account of those developments would require enormous efforts. 
The aim of the present work is to give a brief and elementary introduction to basic 
ideas and methods of the models with large extra dimensions and braneworlds. 

The work is based on lectures delivered at ICTP Summer School on Astroparticle 
Physics and Cosmology for students with an introductory-level knowledge in classical 
and quantum fields, particle physics and cosmology. The scope and extent of the 
lectures were restricted by the goals of the School. 1 apologize to those researchers 
who's advanced and original contributions to the subject could not be reflected in 
these lectures. 
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1 Introduction 



The magnitude of gravitational force F between two macroscopic objects separated 
at a distance r obeys the inverse-square law, F ~ r"^. This would not be so if the 
world had an > 1 extra spatial dimensions that are similar to our three - in that 
case we would instead measure F ~ ^-i^+N)^ Similar arguments hold for micro- 
world of elementary particles. For instance, we know from accelerator experiments 
that electromagnetic interactions of charged particles obey the inverse-square law. 

However, experimental capabilities are limited and so is our knowledge of the 
validity of these laws of nature. For instance, it has not been established how gravity 
behaves at distances shorter than 10~^ cm, or at distances larger than 10^*^ cm. All 
we know is that for 10~'^cm ^ r ^ lO^^cm the inverse square law provides a good 
description of nonrelativistic gravitational interactions, but laws of nature might 
be different outside of that interval. Likewise, we are certain that electromagnetic 
interactions obey the inverse- square law all the way down to distances of order 10~^^ 
cm, but they might change somewhere below that scale. 

At present it is not clear how exactly these laws of nature might change. There 
is a possibility that they will change according to the laws of higher-dimensional 
space if extra dimensions exist. However, it is fair to wonder why should one think 
in the first place that the world might have extra dimensions? I will give below 
major theoretical arguments that motivated an enormous amount of research in the 
field of extra dimensions. 

The first scientific exploration of the idea of extra dimensions was by Kaluza 

and Klein |2]. They noticed that gravitational and electromagnetic interactions, 
since so alike, could be descendants of a common origin. However, amazingly enough, 
the unified theory of gravity and electromagnetism was possible to formulate only 
in space with extra dimensions. Subsequently, non-Abelian gauge fields, similar 
to those describing weak and strong interactions, were also unified with Einstein's 
gravity in models with extra dimensions. Therefore, the first reason why extra 
dimensions were studied was: 

• Unification of gravity and gauge interactions of elementary particles. 

So far we have been discussing classical gravitation. However, quantization of 
gravity is a very nontrivial task. A candidate theory of quantum gravity, string 
theory (M-theory), can be formulated consistently in space with extra six or seven 
dimensions; Hence, the second reason to study extra dimensions: 

• Quantization of gravitational interactions. 

All the extra dimensions considered above were very small, of the planckian size 
and therefore undetectable. A new wave of activity in the field of extra dimen- 
sions came with the framework of Arkani-Hamed, Dimopoulos and Dvali (ADD) [S] 
who observed that the Higgs mass hierarchy problem can be addressed in models 
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with large extra dimensions. Because the extra dimensions are large in the ADD 
framework, their effects can be measurable in future accelerator, astrophysical and 
table-top experiments. Moreover, these models can be embedded in string theory 
framework jl]. Subsequently Randall and Sundrum proposed a model with warped 
extra dimension [Sj that also provides an attractive setup for addressing the Higgs 
mass hierarchy problem and for studying physical consequences of extra dimensions. 
Thus, the third reason is: 

• Higgs mass hierarchy problem. 

Another type of hierarchy problem is the problem of the cosmological constant. 
The latter is very hard to address unless one of the conventional notions such as 
locality, unitarity, causality or four- dimensionality of space-time is given up. In that 
regard, theories with infinite volume extra dimensions [H] - the only theories that 
are not four- dimensional at very low energies - were proposed as a candidate for 
solving the cosmological constant problem [71IH]. Hence the fourth reason is: 

• Cosmological constant problem. 

In what follows I will discuss some of the developments in extra dimensional 
theories listed above. 

2 Introduction to Kaluza-Klein Theories 

Extra spatial dimensions are not similar to our three dimensions in the Kaluza-Klein 
(KK) approach. Instead, the extra dimensions form a compact space with certain 
compactification scale L. For instance, one extra dimension can be a circle of radius 
L, or simply an interval of size L. For more than one extra dimensions this space 
could be a higher dimensional sphere, torus or some other manifold. In general, 
D-dimensional space-time in the KK approach has a geometry of a direct product 
X X^~'^ where denotes four-dimensional Minkowski space-time, and X^~^ 
denotes a compact manifold of extra dimensions - called an internal manifold ^. 

What is implied in the KK approach is that there is a certain dynamics in D- 
dimensional space-time that gives rise to preferential compactification of the extra 
[D — 4)-dimensions leaving four minkowskian dimensions intact. The geometry 
X should be a solution of D-dimensional Einstein equations. 

Let us now discuss what are the physical implications of the compact extra 
dimensions. Based on common sense it is clear that at distance scales much larger 
than L the extra dimensions should not be noticeable. They only become "visible" 
when one probes very short distances of order L. 

^Thc X^^^ does not have to be a manifold in a strict mathematical definition of this notion 
(see examples below) however, we will use this name most of the time for simplicity. 



4 



To discuss these properties in detail we start with a simplest example of a real 
scalar field in (4 + l)-dimensional space-time. In the the paper we use the mostly 
positive metric [ — h + + +..]. The Lagrangian density takes the form 

C = -^dA^d^^, A = 0,l,2,3,5. (1) 

Here the field ^(t,x,y) = /i = 0,1,2,3, depends on four- dimensional 

coordinates as well as on an extra coordinate y. The extra dimension is assumed 
to be compactified on a circle of radius L. Therefore, the five-dimensional space- 
time has a geometry of x S^. In this space the scalar field should be periodic 
with respect to y y + 2ttL: 

<l>ix,y) = <^{x,y + 2'KL). (2) 

Let us now expand this field in the harmonics on a circle 

+ 00 

= <\>n{x)e^^lK (3) 

(Note that = Substituting this expansion into (jT)) the Lagrangian 

density Q can be rewritten as follows 

li=-\ E fe^nS^". - ^0n0Je^('^+-)^/^ (4) 
n,m=— oo ^ i-i / 



while the action takes the form 

,2 



S = d^x dyC = 7^ d^x \ d^.<Pnd^<Pl + 

J -lO I J n=-oo \ 



n 



(5) 



On the right hand side of the above equation we performed integration w.r.t. y. 
The resulting expression is an action for an infinite number of four-dimensional 
fields (f>n{x). To study properties of these fields it is convenient to introduce the 
notation 



ipn = v27rL0„ . (6) 
The latter allows to rewrite the action in the following form 

S = jd'x y--d,ip,d^ipo J - jd^xY yW'-'Pl + j2^kct>l^ (7) 

Therefore, the spectrum of a compactified theory consists of: 
• A single real massless scalar field, called a zero-mode, (pQ, 
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• An infinite number of massive complex scalar fields with masses inversely 
proportional to the compactification radius, ml = k"^ / LP'. 

All the states mentioned above are called the Kaluza-Klein modes. At low energies, 
i.e., when E <^ 1/L only the zero mode is important; while at higher energies 
E > 1/L all the KK modes become essential. 

As a next step we consider a (4 + l)-dimensional example of Abehan gauge fields. 
An additional ingredient, compared to the scalar case, is the local gauge invariance 
the consequences of which we will emphasize below. 

Let us start with the Lagrangian density 
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C — — FabF^^ , (8) 



4^1 



where the dimensionality's are set as follows: [Ab] — [mass], [g^^] = [mass]. As 
in the previous example we assume compactification on a circle of radius L and 
periodic boundary conditions on the fields. We decompose = F^^ + 2{di^AQ — 
d^Af^y, and expand the fields and A^ in the harmonics on a circle 

+ 00 +0O 

A,{x,y)= E M^,y)= E 4"n^)e^""/^- (9) 

n=— oo n=— oo 

As in the scalar example we integrate w.r.t. y to calculate the effective 4d action 

d^x dyC = J d^xCi. (10) 
Using gauge transformation the expression for £4 can be cast in the following form 



fe=i 



£4 = _J_ + F^^^F*^'^'^ + + 2{d^Aff\ .(11) 



Therefore, we conclude that the spectrum of the compactified model consists of the 
following states: 

• A zero-mode - a massless gauge field A'^^^ with the gauge coupling gl — 

• Massive KK gauge bosons with the mass m\ = k'^ / L'^] 

• Massless scalar field Af^ . 

A few words on local gauge invariance are in order here. The five-dimensional 

model is invariant under five-dimensional local gauge transformations AB{x,y) — > 
Ab{x, y) +dB(^{x, y). After compactification the five-dimensional gauge transforma- 
tions reduce to an infinite number of four- dimensional gauge transformations - one 
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for each KK level A^^\x) A'-^^x) + (9^a(")(x). However, only the zero-mode is 
massless gauge field, all the higher KK modes are massive. This can be interpreted 
as a consequence of the Higgs mechanism taking place on each massive KK level 
where a massless gauge field "eats" one massless scalar Ag"^ and becomes a massive 
gauge field with 3 physical degrees of freedom. On the massless level there is a 4d 
massless gauge field with 2 physical degrees of freedom plus one real massless scalar 

^5 ■ 

Finally we come to the main subject of this section and consider a (4 + 1)- 
dimensional example of gravity. It demonstrates how 4d Einstein gravity can be 
unified with electromagnetism in a 5d theory — the original proposal of Kaluza and 
Klein. 

The 5d action takes the form 

j d^xdyVGR^ . (12) 

As in the previous examples the space is M^^-* x and we expand fields in the 
harmonics on a circle of radius L 

+ 00 

GABix,y)^ E G^2k^)e'-y/^. (13) 

n=—oo 

In what follows we will concentrate on the zero mode neglecting all the massive 
modes. 

Let us introduce the notations 

= e'^/^%g,,ix) + e-^"fA,A^) , (14) 

^(0) _ ^(0) _ 24>/V3a 

Using these expressions we find the 4d action for the zero mode fields 

S,^ = M^nL I d'x^ [rM - \d,(t>d^(t> - ^e'^^F^^) . (15) 
Recalling that the conventional 4D action for gravity has a form 

U'x^R,{g), (16) 



we find that M|[ = M^27rL. As a result, the Newton constant = (STrMpJ ^ can 
be related to the higher dimensional scale and the compactification radius 



- IGnWL ■ ^^^^ 
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The main result of the above discussion is that four- dimensional gauge and gravita- 
tional fields have a common origin in five-dimensional gravitational field. 

Let us count physical degrees of freedom. A four-dimensional massless graviton 
has 2 physical degrees of freedom (pdf's); A four-dimensional massless gauge boson 
has also 2 pdf's, and a real scalar has 1 pdf. Total is 5 pdf's, in agreement with 5 
pdf's of a massless five- dimensional graviton ^. 

Let us now turn to the massive KK levels. The analysis is similar to that of gauge 
fields but more cumbersome. Nevertheless, the main results can be summarised as 
follows. There is a massive graviton with the mass ml = k'^/L'^ at each /c'th level. 
These gravitons acquire masses via the Higgs mechanism - one massless graviton 
(2 pdf's) "eats" 1 massless gauge boson (2 pdf's) and one real scalar ( Ipdf) - 
this makes one massive 4D graviton that has 5 pdf's. The massive gravitational 
KK modes are charged under the massless gauge field. The charges are determined 
as qk ~ k/LMpi ~ m„/Mpi. At the linearized level gauge transformations do not 
mix with each other different KK levels, however, this mixing shows up once the 
nonlinear interactions of gravitational theory are taken into account p. 

3 Introduction to Braneworlds 

The idea that our (3 + l)-dimensional world could be realized as a 3d surface in 
higher dimensional space was actively discussed in the context of general relativity 
the 1960th and 1970th. 

A first particle physics application of this idea was put forward by Rubakov and 
Shaposhnikov |Tn| and independently by Akama |11J. 

In this section, following jTU] , we consider a toy example of the braneworld where 
the main mechanism of localisation can explicitly be worked out. 

We start with a scalar field in 5-dimensions with the following Lagrangian density 

C = -IdA^d^^ -^{^'-v'f . (18) 

The Lagrangian is invariant under the Z2 transformations $ — $, however, the 
vacua of the theory are not — under the Z2 the two vacua $ = ±77'^/^ interchange. 
Therefore, the Z2 is spontaneously broken. As a result, there should exist domain 
walls. We find the following domain wall (kink) solution to the classical equation of 
motion 

^ci{y) = r^^^'^tanh (v^?7^/^ = ?7^/^tanh (mo y) . (19) 

■^In general, the total number of independent components of a rank 2 symmetric tensor in D- 
dimensions is D{D + l)/2, however, only D{D — 3)/2 of those correspond to physical degrees of 
freedom of a ZJ-dimensional massless graviton; the remaining extra components are the redundancy 
of manifestly gauge and Lorentz invariant description of the theory. 
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Transverse to the domain wall space is one dimensional, hence, domain wall is a 
codimension one object. Its worldvolume has 3 spatial coordinates, therefore, it is 
also called a 3-brane. 

Let us discuss certain properties of the solution. The tension of the wall is 
its surface energy density T = J dyH{^c\) = J c?2/^oo('^ci), where H denotes the 
Hamiltonian and Tqo denotes the 00 component of the stress tensor. The tension is 
determined as follows 

T ~ !^ ~ yAr73/2^3_ (20) 
A 

Below we would like to understand what are the excitations that live on the brane 
worldvolume. According to the braneworld idea ^DIjCI]! in a realistic construction, 
those excitations should be identified with the Standard Model particles. For this 
purpose we perform the following decomposition 

<^ix,y) = + (21) 

Then we find that the 5d equations have a solution 

6^x,y) = (^^) p(x), (22) 

where the four-dimensional field p satisfies the equation 

dlp = 0. (23) 

Therefore, p is nothing but a massless four-dimensional mode. The wavefunction of 
this mode is proportional to d^ci/dy and vanishes outside of the brane. Therefore, 
this mode is localized on a brane. This excitation is just a Nambu-Goldstone boson 
of spontaneously broken translation invariance along the y direction. 

Let us now introduce fermions. For this we add to the Lagrangian the following 
two terms 

AC = i^^r^^M^ - h(^^<if , (24) 

where denotes a 5-dimensional Dirac fermion. The equation of motion for the 
fermion in the background of the domain wall reads as follows: 

ir*^(9Af^ - /i$ci^ = . (25) 
This equation has a normalizable solution of the following form 

^zm(x,y) = e-Io'^-^^^'^XLix), (26) 
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where xl denotes a four- dimensional massless chiral mode 

tT^d,XL = ^. XL = (l-75)x/2. (27) 

From this expression we see that the wavefunction of this mode vanishes outside of 
the brane. Therefore, one obtains a four- dimensional chiral mode that is localized 
on the worldvolume^ . 

Summarizing, in a simple construction described above scalars and fermions can 
be localized on a brane. However, for realistic model building one should in addition 
perform two major steps: 

(i) Localize gauge fields on a brane; 

(ii) Obtain four-dimensional gravity on the brane. 

A mechanism for gauge field localisation within the field theory context was 
proposed by Dvali and Shifman [T2] . It is based on the observation that gauge field 
can be in the confining phase the bulk while being in the broken phase on a brane; 
then confining potential prevents the low energy brane gauge fields to propagate 
into the bulk. This mechanism is discussed in details in Refs. jl2j . 

Localisation of gauge fields is a rather natural property of D-branes in closed 
string theories [121 ^ gauge fields emerge on a brane as fluctuations of open 
strings that are attached to the brane and do not exist in the bulk. 

As to the issue (ii), below we discuss three distinct mechanisms by mens of which 
the laws of 4d gravity can be obtained on a brane. 

4 Braneworlds with Compact Extra Dimensions 

One way to obtain 4d gravity on a brane is to combine the braneworld idea with the 
idea of KK compactification. This, as was proposed by Arkani-Hamed, Dimopoulos 
and Dvali (ADD) [3J, opens up new possibilities to solve the Higgs mass hierarchy 
problem and gives rise to new predictions that can be tested in accelerator, astro- 
physical and table-top experiments. Moreover, the framework can be embedded in 
string theory jlj. 

The main ingredients of a simplest ADD scenario are: 

• Standard Model particles are localized on a 3-brane, while gravity spreads to 
all 4 + dimensions. 

• The fundamental scale of gravity M^,, and the ultraviolet (UV) scale of the 
Standard Model, are around a few TeV or so. This can eliminate the Higgs 
mass hierarchy problem. 

• extra dimensions are compactified. 

■^There also exists a solution with an opposite chirality that is not localized on a brane. 



10 



The action for a simplest ADD model takes the form: 



Sadd = — ^ J d'x d^'yVGR^.+N) + J d^x^{T + /:sm(^, Msm)) (28) 

where M^, ~ (1 — 10) TeV, g{x) = G{x,y = 0), T + {Csu) = 0, the latter condition 
is a usual fine-tuning of the cosmological constant. 

Technical simplifications which are adopted above but that can be easily lifted 
are as follow: 

(1) The Brane width is taken to be zero (generically, the natural scale for the 
brane width could be M~^.) 

(2) Brane fluctuations are neglected (these are Nambu-Goldstone bosons which 
couple to matter derivatively). 

(3) All extra dimensions have equal size L (in general, different extra dimensions 
could have different sizes). 

(4) Only gravity can propagate in the bulk (in general, other fields could also 
live in the bulk, in fact there are attractive scenarios with right-handed Neutrino 
living in the bulk [T^.l 

Let us first study the properties of 4d gravity in the ADD scenario. The low 
effective 4d action for a zero mode takes the form 

^ / d^x ^ rf^y v^i?(4+;v) - * Y I ^'^v^^- ' (29) 

hence, we should define the 4d Planck mass 

M|i = M2+^(27rL)^. (30) 

Postulating that the quantum gravity scale is at M^, ~TeV we find what should be 
the size of extra dimensions 

L~10-i^+30/iv^^_ ^3^) 

For one extra dimension, = 1, one gets L ~ 10^'^ cm, this is excluded within the 
ADD framework since gravity below 10^^ would have been higher dimensional. For 
A^ = 2 we get L ~ 10^^ cm; this particular case is very interesting since it predicts 
modification of the 4d laws of gravity at submillimiter distances - the subject of 
active experimental studies. For larger A^ the value of L should decrease; but even 
for A^ = 6 L is very large compared to 1/Mpi. 

Two static sources on the brane interact with the following nonrelativistic grav- 
itational potential 

+ 00 p — ninT 

V{r) = -GNm,m2 ^ \m^{y = Q)\^ , (32) 
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where "^niv = 0) denotes the wavefunction of n'th KK mode at a position of a brane 
and m„ = \n\/L. li r ^ L from the above expression we find 

V{r) = . (33) 

This recovers the conventional 4d law of Newtonian dynamics. In the opposite limit, 
i.e., when r -C L one gets 

mim2 , 
^i^) = - M2+N^i+N ■ (34) 

That is the law of (4 + A^)-dimensional gravitational interactions. Therefore, the 
laws of gravity are modified at distances of order L. 
Selected topics of the ADD phenomenology: 

• Gauge coupling unification. In a conventional 4d theory the renormalization 
group running of the gauge coupling constants is logarithmic. This changes 
in higher dimensions where the power-law running takes place ^7j. As was 
shown by Dienes, Dudas and Gherghetta |18j, the power- law running is what 
gives rise to an accelerated unification of the strong, weak and electromagnetic 
couplings at a scale around M^, in braneworlds with compact extra dimensions.. 

• Missing energy signals in accelerator experiments. The SM particles are lo- 
calized on a brane only up to some energy scale that is comparable to M^,. 
At about that scale the SM particles could in principle escape into the bulk. 
This would provide missing energy signals in accelerator experiments. Another 
missing energy signal can be due to emission of KK gravitons into the bulk, 
see detailed discussions in Refs. 

• Energy loss by stars via emission of light KK gravitons. In the 6d ADD model 
the KK gravitons are light, rnxK ~ ~ 10~^eV. Therefore, these gravitons 
can be emitted in the interior of astrophysical objects the temperature of which 
exceeds 10~'^eV. As a result, these objects, such as stars, can coll down due to 
the process of emission of the KK gravitons into the bulk. Each KK graviton 
emission if Mpi suppressed. However, because of the the high-multiplicity 
of KK graviton the net result for the emission rate is suppressed by 
Unless this rate is small enough, a star would cool down faster than it should 
by emitting these KK gravitons. This puts a lower bout on in a 6d theory 
to be 50 TeV or so [3 HE]. 

• Cosmological implications. There exist new scenarios of inflation and Baryoge- 
nesis within the braneworld context. These scenarios manifestly use properties 
of branes. For instance, inflation on "our brane" can be obtained if another 
brane falls on top of "our brane" in the early period of development of the 
brane-universe JH]- The potential that is created by another brane in "our 
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world" can be viewed as the conventional inflationary potential. Baryon asym- 
metry of a desired magnitude can also be produced during the collision of these 
two branes [201 • For more recent developments see Refs. j2I],|221, |2S]; UM- 



5 Braneworlds with Warped Extra Dimensions 

In this section we describe another way of obtaining 4d gravity on a brane. It is 
based on a phenomenon of localisation of gravity discovered by Randall and Sundrum 
(RS) :5j. 

We start with a so-called RS II model that has a single brane embedded in 5- 
dimensions bulk with negative cosmological constant. The action of the model is 
written as follows: 

Srs = ^ J d^x dyVG{R, - 2A) + y d'x^{T + £sm(^, Msm)) , (35) 

where A denotes the negative cosmological constant and T is the brane tension. 

The equation of motion derived from this action takes the form (the Gibbons- 
Hawking surface term in the action is implied and hereafter we put Csm = for 
simplicity) 

M^VG [Rab - \gabR) = -M'^AVGGab + T^g^, 5^ 5^ 6{y) . (36) 

In our conventions the brane is located in extra space at the y = point. The above 
equations have a solution with a fiat 4d worldvolume 

ds^ = e-\y\/%^dx^'dx'' + dy^ , (37) 

where ry^i, = diag( — h -|--|-) is the four- dimensional fiat space metric, and we intro- 
duced the following notations 



The values of A and T have to be carefully adjusted to each other for this solution 
to exist. Although the coordinate y runs in the interval (— oo, +oo) nevertheless, 
the physical size of extra dimension is finite: 

f + OO 

/ dyVC^L. (39) 

J —oo 

The primary question that we would like to address is how does gravity look like 
on the brane? For this let us consider graviton fluctuations: 

ds^ = (e-l^l/^r/^, + h^,{x, y)) dx^dx" + dy^ . (40) 
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We decompose h^^{x,y) = u{ii)h^y{x) = u{y)e^^exp{ipx) with p"^ = —w?. As a 
result the equation for the function u takes the following form: 

^-m^e\y\'^ - dl - j6{y) + -i) u{y) = . (41) 

For a zero-mode = this equation simplifies and the solution can be found easily: 

m(?/) = const, e" 1^1/^. (42) 

Hence the interval for the zero-mode factorizes as follows 

ds^ = e~\y\/^g^^{x)dx^'dx'' + dy^ , (43) 

where we used the notations g^u{x) = rj^i, + h^^{x). 

It is important to emphasize that the five dimensional action is integrable w.r.t. 
y for the zero-mode: 

f /A/;jd,^fl,„^^^/Av5fl. (44) 

The result of this integration is a conventional 4d action. Hence we find a relation 
between the 4d Planck mass and M^, 

M^, = Ml{2L) (45) 

This looks similar to the relation between the fundamental scale M^, the size of extra 
dimension L and the Planck mass Mpi in the ADD model with one extra dimension. 
The similarity is due to the fact that the effective size of the extra dimension that 
is felt my the zero-mode graviton is finite ~ L as in the ADD as well as in the RS 
models. 

Besides the zero-mode there are an infinite number of KK modes 0. Since the 
extra dimension is not compactified the KK modes have no mass gap. In the zero- 
mode approximation used in these states were neglected. However, at short 
distances << L the effects of those modes become important. This can be seen by 
calculating a static potential between sources on a brane. The result reads: 

V{r) = .^^H^ fl + (46) 

The second term in the parenthesis is due to the exchange of KK modes. We see 
that this term becomes dominant when r <^ L. 



The above construction with the localized graviton can be used for a new solution 
of the hierarchy problem. This is achieved in a so-called RS I model |Z5]. 

The model contains two branes that are placed at the endpoints of an interval of 
a certain size. One brane, called the "hidden brane", has positive tension and the 
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other one, called "visible brane" , has negative tension. The equation of motion for 
this model looks as follows: 

M^VG [rab - \gabR) - M^aVgGab = 

Thid v^^;L' S^^ 6{y) + r.i, v^^J 5^5^ 6{y - y,) , (47) 

were we used the notations 

a^'^^ix) = G,,{x, y = 0), gj::ix) = G,,{x, y = y,) . (48) 

As we mentioned above, the y direction is compactified on an orbifold Si/7j2 and y 
runs in the interval [— yo)Z/o]- One can check that there exists the following static 
solution to the equations of motion 

ds^ = e-\y\'^r]^^dx^'dx'' + dy^ . (49) 

The next step is find out fluctuations about this classical background. For this we 
proceed as in the RS II case. The derivation is straightforward and the result is that 
the tensor rj^u should be replaced as r]^^ g^y{x), where 

= 9 Ax) , = e-l^°l/%.(x) . (50) 

Let us now look at what this leads to. For this we turn to the matter part of the 
Lagrangian. In the RS I it is assumed that the Standard Model fields are localized 
on a negative tension brane, i.e., aX y = y^. As a representative SM field we consider 
the Higgs field 0. We obtain: 

/ d'x^g{r''{D,cl^Y{DA) - m? - e-y^^l'^vlf] . (51) 

Hence the Higgs VEV on a visible brane is rescaled by an exponential factor v = 
g-!/o/2L^^ Thus, all masses on the visible brane are suppressed by this exponential 
factor as compared to their natural values 

^2 ^ e-2^o/i^2 _ (^52) 

If mo ~ Mpi, then in order to get m ~TeV one needs yo/L ~ 100. Therefore, small 
hierarchy in yo/L gives rise to large hierarchy between m and mo. 

The hierarchy problem is solved at the expense of fine tunning of the tension 
of the hidden brane to the tension of the visible brane and both these tensions 
to the bulk cosmological constant. A possible way to avoid the fine tuning is to 
use the stabilization mechanism proposed by Goldberger and Wise PHI- Another 
interesting scenario, studied by Karch and Randall [2Zj emerges when the tension 
and bulk cosmological constant are slightly detuned so that the worldvolume has 
AdS^ geometry. Regretfully, detailed discussion of these developments goes beyond 
the scope of the present lectures. 

Selected topics of the RS phenomenology: 
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• Missing energy signals in accelerator experiments. The SM particles are lo- 
calized on a brane only up to some energy scale that is comparable with M^,. 
At about that scale the SM particles could be emitted into the bulk. As in 
the ADD case, this would provide missing energy signals in accelerator exper- 
iments. See Ref. |^ for details. 

• Gauge coupling unification. In a conventional 4d theory the renormalization 
group running of the gauge coupling constants is logarithmic. As we discussed 
before, this changes in flat higher dimensions, the power-law running takes 
place ^Tj. However, in the RS case the extra 5th dimension is not fiat. This 
affects dramatically the gauge coupling running which can still be logarithmic 
as was discussed in Refs. (221, EOl- 

6 Braneworlds with Infinite Volume Extra Dimen- 
sions 

In this section we consider the third known mechanism of obtaining 4d gravity on 
a brane jH] . This mechanism is different from the previously discussed once since it 
allows the volume of the extra space to be infinite. 

Vn = J d^yVC oo . (53) 

The motivation for constructing the models with infinite-volume extra dimensions 
follow: 

• The size of extra dimensions does not need to be stabilized since the extra 
dimensions are nether compactified nor warped. 

• Because of the presence of infinite- volume extra dimensions gravity is modified 
at large distances. This gives rise to new solutions for late-time cosmology and 
acceleration of the universe. 

• Although the supersymmetry should be broken on a brane where the SM fields 
live, nevertheless unbroken supersymmetry can be maintained in the bulk since 
it has an infinite volume 

The 5d model with these properties was proposed in 

Sdgp = ^ J d'x dyVGR, + j d\^{^R, + T + /:sm(^, Msm)) • (54) 

(The Gibbons-Hawking surface term is implied above). The main postulates in this 
approach are: 
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• The SM fields are localized on a brane while gravity is propagating everywhere 
in extra dimensions 

• The UV cutoff of the SM MgM ~ Mqut > M^. 

• The brane width is assumed to be 1/Msm- 

• T+ (£sm) = 0, this is a usual fine tunning of the cosmological constant but the 
latter can be relaxed in higher co-dimensions [3 E] , in which case the model 
can be embedded into string theory pT| . 

What kind of gravity is described by this model? Let us look at the gravitational 
part of (jHH). We introduce the quantity 

~ MlJMl , (55) 

When rc oo the 4d term dominates, in the opposite limit Tc — > the 5d term 
dominates. Therefore we expect that for r <^ Tc to recover the 4d laws on the brane, 
while for r ^ rc 5d laws. 

The 4d Ricci scalar i?4 = Ri{g{x)) is constructed out of the induced metric on 
a brane 

g^u{x) = Gf,^{x, y = 0) . (56) 

The Standard Model (SM) fields are confined to the brane. Note that the SM cutoff 
should not coincide in general with M^, and, in fact, is assumed to be much higher in 
our case. For simplicity we suppress the Lagrangian of SM fields. The braneworld 
origin of the action (j54|) and parameters M^,, Mpi were discussed in details in Refs. 

Let us first study the non-relativistic potential between two sources confined to 
the brane. For a time being we drop the tensorial structure in the gravitational 
equations and discuss the distance dependence of the potential. We comment on 
the tensorial structure below. 

The static gravitational potential between the sources in the 4-dimensional world- 
volume of the brane is determined as: 

Vir) = 1 (t,l^,l/ = 0; 0,0,0) (it , (57) 

where r = \Jxi + X2 + x1 and Gr (t, it ,y = 0, 0, 0) is the retarded Green's func- 
tion (see below). Let us turn to Fourier-transformed quantities with respect to the 
world- volume four-coordinates x^: 

G^(x,y;0,0) = j -^^e^v^ GR{p,y) . (58) 
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In Euclidean momentum space the equation for the Green's function takes the form: 
( M^ip' - dl) + Ml, 6{y) ) Gn{p,y) = 6{y) . (59) 

Here p^ denotes the square of an Euchdean four- momentum p^ = pi + Pi + P2 + Ps- 
The solution with appropriate boundary conditions takes the form: 



where p = i/p^ = y pl + Pi + P2 + Ps- Using this expression and Eq. (j37j) one finds 
the following (properly normalized) formula for the potential 



TT - 2 Si ( - 



(61) 



where Ci{z) = 7 + ln{z) + /o^(cos(t) - l)dt/t, Si{z) = Jq sm{t)dt/t, 7 ~ 0.577 is the 
Euler-Mascheroni constant, and the distance scale Vc is defined as follows: 

In our model we choose Tc to be of the order of the present Hubble size, which is 
equivalent to the choice ~ 10 — 100 MeV. We will discuss phenomenological 
compatibility of such a low quantum gravity scale below. It is useful to study the 
short distance and long distance behavior of this expression. 
At short distances when r << rc we find: 



Vir) ^ 1 1 rvr 



-1 + 7 + ln 



+ 0(r2)| . (63) 



Therefore, at short distances the potential has the correct 4d Newtonian 1/r scaling. 
This is subsequently modified by the logarithmic repulsion term in (j63p . 

Let us turn now to the large distance behavior. Using we obtain for r >> r^. 

Thus, the long distance potential scales as 1/r^ in accordance with laws of 5d theory. 

We would like to emphasize that the behavior ()60p is intrinsically higher- dimensional 
and is very hard to reproduced in conventional four-dimensional field theory. In- 
deed, the would be four-dimensional inverse propagator should contain the term 
^/p^. In the position space this would correspond in the Lagrangian to the following 
pseudo-differential operator 



O = - d'f, + ^ . (65) 
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We are not aware of a consistent four-dimensional quantum field theory with a finite 
number of physical bosons which would lead to such an effective action. 

4D gravitational interactions in the present model are mediated by a resonance 
graviton with the lifetime r ~ rc. The resonance- mediated gravity was first discussed 
in Refs. [321 EH ESI ^ different context. Yet another scenario in which the large 
distance gravity is modified due to the mass of a graviton was proposed and studied 
by the Oxford group 

Finally we would like to comment on the tensorial structure of the graviton 
propagator in the present model. In flat space this structure is similar to that of 
a massive 4d graviton jHj. This points to the van Dam-Veltman-Zakharov (vDVZ) 
discontinuity ^71 EH] • However, this problem can in general be resolved by at least 
two methods. In the present context one has to use the results of [HH] where it 
was argued that the vDVZ discontinuity which emerges in the lowest perturbative 
approximation is in fact absent in the full nonperturbative theory. The application 
of the similar arguments to our model leads to the result which is continuous in 1/ Vc- 
This is discussed in details in Ref. jlO]. Thus, the vDVZ problem is an artifact of 
using the lowest perturbative approximation ^. 

In general, the simplest possibility to deal with the vDVZ problem, as was sug- 
gested in Ref. [221 , is to compactify the extra space at scales bigger than the Hubble 
size with Tc being even bigger, but we do not consider this possibility here. 

1. Cosmological solutions: Below we will mainly be interested in the geometry 
of the 4d brane- world and follow Ref. jH] . For the completeness of the presentation 
let us first recall the full 5d metric of the cosmological solution. The 5d line element 
is taken in the following form: 

ds'^ = -N^{t,y)df + A'^{t,y) -fij dx'dx^ + B^{t,y) dy^ , (66) 

where is the metric of a 3 dimensional maximally symmetric Euclidean space, 
and the metric coefficients read [l^ 

N{t,y) = 1 + e lyl a (d^ + A;)-^/^ ^ 
A{t,y) = a + e\y\ (d^ + k)'/' , 

Bit,y) = 1, (67) 

where a{t) is 4d scale factor and e = ±1. Knowing the braneworld intrinsic geometry 
is all what matters as far as 4d observers are concerned. This geometry is given in 
the above solution. Taking the y = value of the metric we obtain the usual 4d 

^Note that the continuity in the graviton mass in (A)dS backgrounds was demonstrated recently 
in Refs. |45[ I46| . We should emphasize that we are discussing the continuity in the classical 4d 
gravitational interactions on the brane. There is certainly the discontinuity in the full theory in a 
sense that there are extra degrees of freedom in the model. These latter can manifest themselves 
at quantum level in loop diagrams |47j. 
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Friedmann-Lemaitre- Robertson- Walker (FLRW) form (enabling to interpret t as the 
cosmic time on the braneworld) 

ds'^ = -dt^ + a^(t) dx' dx^ jij, (68) 
= -df + a\t) [dr^ + Sl{r)d^^) , (69) 

where dip"^ is an angular line element, k = —1,0,1 parametrizes the brane world 
spatial curvature, and Sk is given by 

{sin r {k = 1) ^ 
sinh r lk = -1) I (70) 
r (A; = 0) J 

In the present case, the dynamics is generically different from the usual FLRW 
cosmology, as shown in The standard first Friedmann equation is replaced in 
our model by 
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'PI ^'c 

where p is the total cosmic fluid energy density. We have in addition the usual 
equation of conservation for the energy-momentum tensor of the cosmic fluid given 

by 

p + 3H{p + p) = . (72) 

Equations (frT|) and (f72|) are sufficient to derive the cosmology of our model. In 
particular using these relations one can obtain a second Friedmann equation as in 
standard cosmology. 

Equation ()7H1 with e = 1 and p = has an interesting self-inflationary solution 
with a Hubble parameter given by the inverse of the crossover scale Vc- This can 
be easily understood looking back at the action where it is apparent that the 
intrinsic curvature term on the brane appears as a source for the bulk gravity, so 
that with appropriate initial conditions, this term can cause an expansion of the 
brane world without the need of matter or cosmological constant on the brane. This 
self-inflationary solution is the key ingredient for our model to produce late time 
accelerated expansion^. Before discussing in detail this issue let us first compare our 
cosmology with the the standard one. 

We first note that the standard cosmological evolution is recovered from (f7T|) 
whenever p/Mpj is large compared to l/r^, so that the early time cosmology of our 
model is analogous to standard cosmology. In this early phase equation (f7T|) reduces, 
at leading order, to the standard 4d Friedmann equation given by 

-si?- 



^Note that the nonzero 4d Ricci scalar on the brane makes a seemingly negative contribution 
to the brane tension 02) ^j. In this case, we consider a non fluctuating brane which is placed at 
the R/Z2 orbifold fixed point. 
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The late time behavior is however generically different, as was shown in 
when the energy density decreases and crosses the threshold Mpj/r^, one either has 
a transition to a pure 5d regime (see e.g. |^ l5Uj) where the Hubble parameter is 
linear in the energy density p (this happens for the e = — 1 branch of the solutions), 
or to the self inflationary solution mentioned above (when e = +1). This latter is 
the case we would like to investigate in more detail in the rest of this work and we 
set e = +1 from now on. In terms of the Hubble radius (and for the fiat Universe) 
the crossover between the two regimes happens when the Hubble radius is of 
the order of the crossover length-scale between 4d and 5d gravity, that is r^. If we do 
not want to spoil the successes of the ordinary cosmology, we have thus to assume 
the Tc is of the order of the present Hubble scale H^^. 

The conservation equation ()72|1 is the same as the standard one, so that a given 
component of the cosmic fluid (non relativistic matter, radiation, cosmological con- 
stant...) will have the same dependence on the scale factor as in standard cosmology. 
For instance, for a given component, labeled by a, which has the equation of state 
Pa = y^aPa (with Wa being a constant) one gets from (f72j) pa = p^a"^^^^"^"-* (with 
p° being a constant). The Friedmann equation (j71|) can be rewritten in term of the 
red-shift 1 + z = ao/a as follows: 




2^ 



(74) 



where the sum is over all the components of the cosmic fluid. In the above equation 
Qa is defined as follows: 

Pa 



while Qk is given by 



and Qr„ denotes 







In the rest of this paper, as far as the cosmology of our model is concerned we 
will consider a non-relativistic matter with density ^2^^ in which case equation (f7^ 
reads^. 



H\z) = Hi fi,(l + zY+{ Ja, + V^r. + ^^Af(l + zf] . (7 



^Notice that we have set the cosmological constant on the brane to zero, and will do so until 
the end of this work since we are interested here in producing an accelerated Universes without 
cosmological constant. 
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We can compare this equation with the conventional Friedmann equation: 

H\z) = Hi + zf + ^m{1 + zf + ^x{l + zf^^+--^] . (79) 

Here, in addition to the matter and curvature contributions we have included the 
density of a dark energy component fix with equation of state parameter wx- When 
Wx = —1, the dark energy acts in the same way as a cosmological constant, and 
the corresponding fix will be denoted as in the following. Comparing (fTHj) and 
(f7^ we see that fire ^^ts similarly (but not identically, as we will see below) to a 
cosmological constant. 

The z = value of equation of equation(|78|) leads to the normalization condition: 

flk + (^^fiK + ^Jflr. + flM^ = 1, (80) 
which differs from the conventional relation 

flk + flM + flx = 1 . (81) 
For a flat Universe {flk = 0) we get from equation (jHUj) 

^r-, = (^^^) and fire < 1- (82) 

This shows in particular that for a fiat Universe, fire is always smaller than fix, 
nevertheless, as will be seen below, the effects of fire and fix can be quite similar. 
Figure [T] shows the different possibilities for the expansion as a function of Qm and 

fire- 



2. Cosmological Tests: We would like to discuss now, in a qualitative way, 
a few cosmological tests and measurements. We do not expect that the current 
experimental precision would enable us to discriminate between the prediction of 
our model and the ones of standard cosmology. However, the future measurements 
might enable to do so. 

In order to compare the outcome of our model with various cosmological tests we 
need first to summarize some results. In the FLRW metric (j68|) . we define, as usual 
(see e.g. jnij), the transverse, Hq independent (dimensionless), comoving distance 
d 



M- 



Sk ( \^\^k\d.c] 

= — A^=F ' if r^fc 7^ , (^33^ 



du = dc, iiflk = 

where dc is defined as follows: 



Hix) 
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Figure 1: Different possibilities for the expansion as a function of fijv/ and fi^c- Tfie 
solid line denotes a fiat universe (fc = 0), with fire obtained through equation (jH^ . 
The Universes above the solid line are closed [k = 1), the universes below are open 
[k = —1). The Universes above the dashed line avoid the big bang singularity by 
bouncing in the past. 
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From the expression for (Im one gets the {Hq independent and dimensionless) lu- 
minosity distance and the {Hq independent) angular diameter distance d^ given 
by 



dA 



dL 



(1 + z)dM, 
du 



(85) 
(86) 



l + z' 



These definitions can be used on the same footing both in standard and in our 
cosmological scenarios (as they stand above, they only rely on the geometry of the 
four-dimensional Universe seen by the radiation which is the same in both cases). 
The only difference is due to the expression for H{z) which enters the definition of 
dc] one should choose either equation (fTHjl or (f7H|) depending on the case considered. 
Whenever we want to distinguish between the two models, we will put a tilde sign 
to the quantities corresponding to our model (e.g. di)- 

2.1. Supernovae Observations: The evidence for an accelerated universe coming 
from supernovae observation relies primarily on the measurement of the apparent 
magnitude of type la supernovae as a function of red-shift. The apparent magnitude 
m of a given supernova is a function of its absolute magnitude Ai, the Hubble con- 
stant Hq and dii^z) (see e.g. [S2]). Considering the supernovae as standard candles, 
Ad is the same for all supernovae, so is Hq; thus, we need only to compare d^lz) in 
our model with that in standard cosmology. Figure |2l shows the luminosity distance 
di as a function of red-shift in standard cosmology (for zero and non-zero cosmo- 
logical constant) and in our model. This shows the expected behavior: our model 
mimics the cosmological constant in producing the late-time accelerated expansion. 
However, as is also apparent from this plot, for the same fiat spatial geometry and 
the same amount of non-relativistic matter, our model does not produce exactly the 
same acceleration as a standard cosmological constant, but it rather mimics the one 
obtained from a dark energy component with wx > — 1. 

2.2. Comparison with dark energy: We want here to compare the predictions of 
our model to the ones of standard cosmology with a dark energy component. For 
this purpose we choose a reference standard model given by standard cosmology 
with the parameters = 0.7, flM = 0.3 and k = (and denote the associated 
quantities with the superscript ^'^■^ , e.g. d^^^). Figures El and IH show respectively the 
luminosity distance dii^z) and dc{z)H{z) (Alcock-Paczynski test, see e.g. [SH]) for 
various cases, showing that with precision tests, one should be able to discriminate 
between our model and a pure cosmological constant. 

2.3. Cosmic Microwave Background (CMB): It is well known that in standard 
cosmology, the location of points of constant luminosity distance at small z is de- 
generated in the plane (f^M, ^a)- This degeneracy can be lifted through CMB 
observations. Figure El shows that this is the case as well in our model (Which 
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Figure 2: Luminosity distance as a function of red-shift for ordinary cosmology with 
Qa = 0.7, Qm = 0.3, k = (dashed hne), = 0,^2^ = l,k = (sohd hne), and 
dark energy with fix = 0.7, wx = —O.Q,flM = 0.3, k = (dotted-dashed hne) and 
in our model (dotted line) with = 0.3 and a fiat universe (for which one gets 
from equation fi^^ = 0.12 and Vc = I.AHq^). 



dL{z)/dl^^{z) 




Figure 3: Plot of dL{z) / d'^ (z) for various models of dark energy with constant 
equation of state parameters wx in standard cosmology (solid lines) as compared 
with the outcome of the model consider in this paper (dashed and dotted lines). All 
plots correspond to fiat universes with Qm = 0.3 (solid lines, and dotted line), and 
Qm = 0.27 (dashed line). 
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Figure 4: Plot of H{z)dc{z) / H'-^f {z)dc^ {z) (Alcock-Paczynski test) for various 
models of dark energy with constant equation of state parameters wx in standard 
cosmology (solid lines) as compared with the outcome of the model considered in 
this paper (dashed and dotted lines). All plots correspond to flat universes, with 
VLm = 0.3 (solid lines, and dotted line), and VLm = 0.27 (dashed line). 

should not be too much of a surprise, considering the similarities between early cos- 
mology in the two models, as well as between the luminosity distances vs red-shift 
relations). The solid lines of figure El are lines of constant aX red-shift z = 1] the 
dotted hues are lines of constant v^TTmc^a at red-shift z = 1100. This latter quantity 
roughly sets the position of the first acoustic peak in the CMB power spectrum, since 
its inverse measures the angular size on the sky of a physical length scale at last 
scattering proportional to l/^/^lM (as is at first approximation the sound horizon 
at last scattering). Eventually figure IHl shows the angular diameter distance dA, at 
z = 1100, of standard cosmology divided by dA in our model, as a function of wx, 
for a flat universe and Qm = 0.3. This shows that, for the same content of matter 
(and a fiat universe), the first Doppler peak in our model will be slightly on the left 
of the one obtained in standard cosmology with a pure cosmological constant. 

One might wonder whether it is possible to obtain the similar cosmological sce- 
nario in purely four-dimensional theory by introducing additional generally covari- 
ant terms in the Einstein-Hilbert action. The conventional local terms which can 
be added to the 4d theory contain higher derivatives. 



Whatever the origin of these terms might be their contributions should be suppressed 
at distances bigger than millimeter. That is required by existing precision gravita- 
tional measurements. This implies that at distances of the present Hubble size their 
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Figure 5: The Solid lines are lines of equal luminosity distance (in our model), 
dL{z — l)/(f^-^{z — 1), at red-shift z — 1, the contours are drawn at every 5% level. 
The dashed line corresponds to a flat universe. The dotted line are line of equal 
\^flMdA{z) for z — 1100, the contours are drawn at every 5% level. 
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Figure 6: Angular diameter distance at 2; = 1100 of standard cosmology divided 
by dA{z — 1100) in our model, as a function of wx for a flat universe and Qm = 0.3 
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contributions are even more suppressed. For instance, from the requirement that the 
contribution of the term to the Newtonian interaction be sub-dominant at dis- 
tances around a centimeter imphes that the relative contribution of the term at 
the Hubble scale is suppressed by the factor (cm^/^Q) ~ 10^^^. The contributions 
of other higher terms are suppressed even stronger. 

It seems that the only way to accommodate this unusual behavior in a would-be 
pure 4d theory of gravity is to introduce terms with fractional powers of the Ricci 
scalar, for instance, such as the term -^/g R. However, it is hard to make sense of 
such a theory. 

Therefore, we conclude that the scenario discussed in the previous sections is 
intrinsically high-dimensional one. 

3. Constraints In the preset framework such a low five- dimensional Planck scale 
is compatible with all the observations [22]. In fact, at distances smaller that the 
present horizon size the brane observer effectively sees a single 4d graviton which is 
coupled with the strength l/Mpi (instead of a 5d graviton coupled by the l/M**^^ 
strength) . 

As it was shown in |22] the high energy processes place essentially no constraint 
on the scale M^,. This can be understood in two equivalent ways, either directly in 
five-dimensional pictures, or in terms of the expansion in 4d modes. 

As was shown above, in five-dimensional language the brane observer at high 
energies sees graviton which is indistinguishable from the four-dimensional one; for 
short distances the propagator of this graviton is that of a 4d theory 

GR{p,y = 0) (X \ . (88) 

Moreover, this state couples to matter with the 1/M|i strength. Therefore in all the 
processes with typical momentum p << l/r^ the graviton production must go just 
like in 4d theory. For instance, the rate of the graviton production in a process with 
energy E scales as 

The alternative language is that of the mode expansion. From the point of view of 
the four-dimensional brane observer a single 5-dimensional massless graviton is in 
fact a continuum of four- dimensional states, with masses labeled by a parameter m 

G,,{x,y) = j dm <PM ^2:^3^) • (90) 

The crucial point is that the wave-functions of the massive modes are suppressed on 
the brane as follows 

|0„(y = O)|2 (X \ , . (91) 

4 + ni'^ r; 
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This is due to the intrinsic curvature term on the brane which "repels" heavy modes 
off the brane Ell- As a result their production in high-energy processes on the 
brane is very difficult. Let us once again consider bulk graviton production in a 
process with energy E (e.g. star cooling via graviton emission at temperature T of 
order E). This rate is given by 

T ^ — dm |0„(O)p . (92) 

Here the integration goes over the continuum of bulk states up to a maximum 
possible mass which can be produced in a given process mmax ~ E. However, since 
heavier wave-functions are suppressed on the brane by a factor ^^^5^, the integral is 
effectively cut-off at m ~ l/r^, which gives for the rate 

^ (93) 



This is in agreement with Eq. ()89|) and in fact coincides with the rate of production 
of a single four- dimensional graviton, which is totally negligible. Thus high-energy 
processes place no constraint on scale M^, j^ . 

Due to the same reason cosmology places no bound on the scale M^. Indeed, 
the potential danger would come from the fact that the early Universe may cool 
via graviton emission in the bulk, which could affect the expansion rate and cause 
deviation from an ordinary FLRW cosmology. However, due to extraordinarily sup- 
pressed graviton emission at high temperature, the cooling rate due to this process 
is totally negligible. Indeed in radiation-dominated era, the cooling rate due to 
graviton emission is 

At any temperature below Mpi this is much smaller that the expansion rate of the 
Universe H ~ T^/Mpi. Thus essentially until H ~ M^/Mpj (which only takes 
place in the present epoch) Universe evolves as "normal". 

The only constraint in such a case comes from the measurement of Newtonian 
force, which implies M^, > 10~^eV (this will be discussed in more detail elsewhere). 

4- Dissipation: In the previous sections we established that classically the asymp- 
totic form of the 4d metric on the brane is that of de Sitter space. Here we would 
like to ask the question whether this asymptotic form can be modified due to quan- 
tum effects. This could happen if there is dissipation of the energy stored in the 
expectation value of the 4d Ricci scalar into other forms which either can radiate 
into the bulk or be red-shifted away on the brane. Below we shall identify such a 
mechanism of potential dissipation. 

An observer in de Sitter space is submerged in a thermal bath with nonzero 
temperature due to Hawking radiation from the de Sitter horizon. The temperature 
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of this radiation is T ^ H. The crucial point is that the energy stored in this 
radiation can dissipate into the bulk in the form of vary long-wavelength graviton 
emission from the brane. To estimate the rate of this dissipation we can use Eq. 
(jMj) with T ~ if. The corresponding change of the brane energy density in the 
absence of other forms of matter and radiation is given by: 

where pes = M|i (R) and the Hubble parameter can be written as oc (R). 
The corresponding decay time is huge r ~ 10^^'' sec. Therefore, the 4d metric 
eventually asymptotes to flat Minkowski space. Note the crucial difference from the 
conventional 4d de Sitter space where the vacuum energy cannot dissipate anywhere 
due to the Hawking radiation. In our case the existence of infinite volume bulk is 
vital. 



5. Infinite Volume and String Theory If the recent observations on the cosmologi- 
cal constant are confirmed it may be extremely nontrivial to describe the accelerated 
Universe within String Theory [Sni EH] • To briefly summarize the concerns let us 
consider a generic theory with extra dimensions. Usually one is looking for a ground 
state of the theory with compactified or warped extra dimensions. In both of these 
cases there is a length scale which defines the volume of the extra space. This scale 
cannot be bigger than a millimeter |^. Therefore, at larger distances a conventional 
4-dimensional space is recovered. Astrophysical observations indicate that this lat- 
ter asymptotes to the state of 4-dimensional accelerated expansion similar to 4d de 
Sitter. In which case the following two problems may emerge I56j: 

• An observer in dS space sees a finite portion of the space bounded by event 
horizon. In fact, the four- dimensional dS interval can be transformed into the 
form: 

dsls = -(l - u') dr' + . ^. + dn, . (96) 

An observer is always inside of a finite size horizon. As was argued in [HHl 
physics for any such an observer is described by a finite number of degrees 
of freedom^. On the other hand, there are an infinite number of degrees of 
freedom in String Theory and it is not obvious how String Theory can be 
reconciled with this observation. 

^Indeed, the number of degrees of freedom inside the region bounded by the horizon is finite. 
Moreover, physics of the exterior of the horizon can in principle be encoded into the information 
on the horizon. This latter, according to the Beckenstein-Hawking formula, has finite entropy and, 
therefore, supports a finite number of degrees of freedom. 
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• Another related difficulty is encountered when on tries to define the String 
Theory S-matrix on dS space. As we mentioned above, we could think of dS 
space as a cavity with a shell surrounding it. This shell has nonzero tem- 
perature. Thus, particles in the cavity are immersed in a thermal bath and, 
moreover, there are no asymptotic states of free particles required for the def- 
inition of the S-matrix. It was shown recently that these problems generically 
persist [HZI EHj in quintessence models of the accelerating Universe. 

Both of these difficulties are related to the fact that in dS space the comoving 
volume of the region which can be probed in the future by an observer is finite (the 
same discussion applies to any accelerating Universe with —l<w< —2/3, where 
the equation of state is p = wp). 

The theories with infinite- volume extra dimensions might evade these difficulties. 
The reason is that the accelerating Universe in this case can be accommodated in 
a space which is not simply 4-dimensional dS. In fact, as we argued in previous 
sections, although the space on the brane looks like de Sitter space for long time, it 
will asymptote to space with no dS horizon in the infinite future. 

Let us discuss briefiy these issues. 

We start by counting the number of degrees of freedom which are in contact with 
a braneworld observer. It is certainly true that an observer on the brane is bounded 
in the world-volume dimensions by a dS horizon. However, there is no horizon in the 
transverse to the brane direction. Thus, any observer on a brane is in gravitational 
contact with infinite space in the bulk. In this case, the infinite number of bulk 
modes of higher dimensional graviton participate in 4d interactions on the brane 
jni E2] • Therefore, the number of degrees of freedom needed to describe physics on 
the brane is infinite. 

The problem of definition of the S-matrix might be more subtle. Below we 
present a simplest possibility. The key observation is that the metric (j67j) in the 
bulk is nothing but the metric of flat Minkowski space. Indeed, performing the 
following coordinate transformation [5^ : 

where = rjijX^x^ and r]ij = diag(l, 1, 1), the metric takes the form: 

ds^ = - {dry + {dY'f + {dY^f + {dV^f + {dy^y . (98) 

The brane itself in this coordinate system transforms into the following boundary 
conditions: 

- {Y'f + {Y'f + {Y'f + {Y'f + {Y'f = , 
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F°(t,y = 0) > Y\t,y = Q) . (99) 

Therefore, the space to the right of the brane is transformed to Minkowski space 
with the boundary conditions (j99p . 

On this space the S-matrix could be defined as there are asymptotic in and out 
states of free particles. The same procedure can be applied to the metric on the 
left of the brane. However, the brane space-time being de Sitter, one encounters the 
same problems to define in and out states for scattering products localized on the 
brane. This is true as long as one neglects dissipation discussed in section 7, due to 
which the whole space-time will asymptote to Minkowski space-time for which the 
mentioned problems do not persist. 

Summarizing, the models with infinite- volume extra dimensions might be a useful 
ground for describing an accelerating Universe within String Theory. In addition we 
point out that these models allow to preserve bulk supersymmetry even if SUSY is 
broken on the brane [23 100] • Further cosmological studies of these models can be 
found in Refs. [Ell, |021, 100], |01|, |0S1- 

6. Massive gravity and perturbation theory 

It has been known for some time [39 that perturbation theory in massive gravity 
breaks down at a scale that is parametrically lower than an ultraviolet cutoff of the 
theory. This breakdown can be traced to nonlinear graviton self-interaction diagrams 
|10j , and can be interpreted as strong interaction of longitudinal polarizations of a 
massive graviton [00] • A simple way to see the breakdown of perturbation theory 
is to look at the tree-level trilinear graviton vertex diagram. In the nonlinear level 
one has two extra propagators which could provide a singularity in the graviton 
mass mg up to Two leading terms and do not contribute so 

the result contains only the l/rn^ singularity [30]. This leads to breakdown of 
perturbation theory, and for a Schwarzschield source of mass M the breakdown 
happens at a scale A^, ~ rUg /{Mmg/M^^y/^ EO], HO]- As we mentioned above, 
this can also be understood in terms of interactions of longitudinal polarizations of 
a massive graviton becoming strong |00]- For pure gravitational sector itself, that 
can be thought of as a source with M = Mpi, the corresponding scale A^ reduces 
to nig/ {nig/ M-piY^^ 'BB]. Using the freedom in addition higher nonlinear terms this 
scale can be made only as big as nig/ {nig/ M-p\Y/^ [66J. 

In Ref. jlO] it has been shown that similar non-linear diagrams lead to the pre- 
cocious breakdown of perturbation theory in the model of Ref. jO] already at the 
tree-level. However, this breakdown was argued to be an artifact of using pertur- 
bative expansion in Gjv which is ill-defined in that case. Moreover, it was argued 
in Ref. |10] that the re-summation of tree-level diagrams should lead to consistent 
results. This was confirmed by comparing a number of exact solutions of the model 
of Ref. |0| with their perturbative counterparts, showing that the perturbative re- 
sults do not reproduce correctly the results of exact calculations. Therefore, as long 
as the classical theory is concerned, the model of Ref. |6j has no strong coupling 
problem when it is treated with consistent methods. 
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However, recently it was argued in Refs. [67j and [HH] that the strong couphng 
problem could come back in loops - the theory becoming strongly interacting at 
the quantum level. The question of quantum loops, however, is very subtle in the 
present context for the following reason: there is a connection between the ultraviolet 
(UV) and infrared (IR) physics in this model and the ultraviolet completion of the 
model is not know. Hence, discussing quantum loops at low-energies in a theory with 
UV/IR connection without knowing the UV physics might lead to ambiguous results. 
In particular, choice of a given low-energy prescription in the loops could lead to 
implicit assumptions about the UV theory because of the UV/IR connection. In this 
regard, the question whether the precocious breakdown of perturbation theory in 
the loops is an artifact of a low-energy method used or it is a fundamental drawback 
of the theory, remains open, to the authors knowledge. This issue will be discussed 
in detail elsewhere. 
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